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SOME ESTIMATES FOR FUNCTIONS OF TWO VARIABLES
1. Preliminaries Let IP (Up 4oo) be the class of all measurable complex-valued functio'ns f of two variables, such that |f(x,y)| p is Lebesgue-integrable [essentially bounded if p = oo] on the square Q = [-jrr,jr;-jr,jr]. It will be supposed that these functions are of period 2jr in each variable, separately. The norm of f e L^ is defined by the formulae For the class of 2jr-periodic functions of one variable Lebesgue-integrable with p-th power on the interval ^-jr, JT> , the symbol will be used. Given any function f of class L^ (1 4 p ¿oo) and real numbers x, y, h, ¡2 , we set OO (1)
A a h f(x,y) = (-1) k (£)f(x + (a-k)h,y), k=0 oo (2) A^ f(x,y) = ^ (-1) l (f)f(x,y + (fi-l)q), 1=0 oo oo for non-negative a ,y3. In view of Levi's theorem, the above series converge absolutely for almost every points (x,y Quantities (1), (2) and (3) are called the partial and the complete differences of f, respectively. It can easily be observed that = A*^f(x,y) a. e.
We define the partial and the complete moduli of smoothness of f e L p by the formulae Analogously, taking trigonometric polynomials T n [|(x),y] of order n in y, having coefficients of class LP <-jr, jr> in X-, we define the partial constants of best approximation Ej^(f) with the second variable of f(x,y). As is known ( [5] , p. We introduce, for positive«, the convolution In the case O<oc , we define the a-th partial derivative f («»o) of f by the ideI1 tity
provided the right-hand side exists. By convention,
for positive integers r; moreover,
Analogously we define the partial integral I fl [(x),y;f] and the derivative f^'^Cx.y) = (f (x,y) y 0 *^ (/3>0). The symbol f^'^ix.y) (<*,/3>0) is used for
whenever these derivatives have a common value. In this paper we present, mainly, two-dimensional analogues of the results announced in [3] and [V], We denote by Ap, £ a , a etc. the suitable positive numbers, not always the same from one occurence to another, depending only on the parameters p,a shown explicitly. The symbol C(a) has the same meaning as above. and reasoning as before, we obtain the desired result (cf.
• [5] , P. 232). Proof. Let us start with r = 1. Consider Fourier series (6) and set g(x,y) = f(x,y) -o (y).
Then,
The partial integration gives, for k ^ 0, S jr 2jro k (y) = Jf(t,y)e" ikt dt = Jg (1 >°>(t,y)e" ikt dt .
Consequently, g(x,y) = X'o k (y)e ikX = ^ ZL'iTg^^it.yJe 1^31 "^ dt k=-oo k--oo <Jjr and, by the Lebesgue dominated convergence theorem, and, for r = 1, our proof is completed. Now, the induction argument leads to the more general estimate.
By a simple modification of the proof of Theorem 2 in 
.). (m+1 )
This inequality remains valid for p = oo , too. (12) is not fulfilled, the left-hand side of the last inequality should be replaced by ||f(x,y) --2jrc Q (y) -T^1 ,0^[ x,(y)]||. Hence the estimate (10) follows.
If condition
The estimate (11) is an immediate consequence of (10) and Theorem 5«
The corresponding theorems connected with E^'(f) can easily be formulated.
Direct approximation theorems
Suppose that fe.lP (Up4t») and start with the fundamental estimates
where k, 1 mean two positive integers (see [5] , p. 274).
Applying Theorem 4-, we obtain
The quantity E m Q (f) is a non-increasing function of m and n, separately. This fact and the inequality W£(2tf;f) ^ 2 1 w: L (<fjf) Observing that u i(iSl 5 f ) 6 si * f ) 6 2 "¿{nil 5 f ) (see [3] , p. 418-419), and applying Theorem 8, we get the desired inequality. By Theorems 5, 7 two further results can easily be obtained. We will formulate only one of them. Theorem 10. Suppose that f el? possesses the derivatives ,0^( x,y), f'(x,y) of non-negative integer orders r -1, s -1, absolutely continuous in x and y on <-jr, jt> for almost every y ana x, respectively. Moreover, let the derivatives f( r »°)(x,y), f(°» s )(X)y) exist almost everywhere on [-JT,JT; -jt,jtJ, and all mentioned derivatives belong to L^. Then if k, 1 are positive integers,
) (m,n > 0).
One indirect approximation theorem '
We shall now give a generalization of the M.P. Timan result presented in detail in [5] , p. 363-366. we get the desired assertion.
Appendix
Here some results for functions f of class L p (0<p<1) will be presented. This class and the numbers ||f|| p = ||f (x,y )|| are defined as in »1 where the case 1<p^oo has been considered. Also, on the previous line, the differences and the moduli of smoothness of non-negative integer orders oc,/3 can be introduced. 
